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Abstract. In this paper we study the Hausdorff dimension of a measure fi 
related to a positive weak solution, u, of a certain partial differential equation 
in SI n Af where Q C C is a bounded simply connected domain and N is a 
neighborhood of dQ. u has continuous boundary value on dfl and is a weak 
solution to 

2 q 

7^(fniVi&u{z))u Xj {zy)=Q in QnN. 

i,3 = l 0X1 

Also /(»?), n a C is homogeneous of degree p and V/ is S— monotone on C for 
some 8 > 0. Put u = in N \ Q. Then fi is the unique positive finite Borcl 
measure with support on dfl satisfying 

J (V/(Vw(z)), V4>(z))dA = - j 4>(z)dn 
c so 

for every <j> e Cg°(N). 

Our work generalizes work of Lewis and coauthors when the above PDE is 
the p Laplacian (i.e, f(n) = \n\ p ) and also for p = 2, the well known theorem 
of Makarov regarding the Hausdorff dimension of harmonic measure relative 
to a point in f2. 



1. Introduction 

Let fi' denote a bounded region in the complex plane C. Given p, 1 < p < oo, 
let z — x\ + 1x2 denote points in C and let W 1,p (fl') denote equivalence classes 
of functions h : C — > K with distributional gradient Vh — h Xl + ih X2 and Sobolev 
norm 



l l.li ||//|| ir , „,,,-, = j / (\h\ p + \Vh\ p )dvj <oo 

where dv denotes two dimensional Lebesgue measure. The space 

W^f(fi')is defined 

in the obvious manner; h £ W lo f(Cl') if and only if h G W 1,P (U) for every open 
U <e ft', i.e compactly contained in fi'. 

Let C^°(r2') denote infinitely differentiable functions with compact support in 
n' and let W^ p {n') denote the closure of C£°(fi') in the norm of W x ' p ipl). Let 
(•, •) denote the standard inner product on C. 
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Fix p, 1 < p < oo and let / : C \ {0} — > (0, oo) be homogeneous of degree p on 
C \ {0}. That is, 

(1.2) f(rj) = \v\ p f(rj) > when r) G C \ {0}. 

\v\ 

We also assume that V/ is S— monotone on C for some < 5 < 1. By definition, 
this means that / € W 11 (B(0, R)) for each R > and for almost every ij, rf G C 
(with respect to two dimensional Lebesgue measure) 

(1.3) (vm-^f(v'U-v')>s\vf( v )-^f(v')\\v-v% 

Next, given h e W^O') let 21 = {h + <j) : <j) e Wq'^O')}. From <E3 in section 
[2] and 7, Chapter 5] it follows that 

(1.4) inf / f(Vw)dv = / f{Vu')Av for some u' € 21. 

a' n< 

Also m' is a weak solution at z € O' to the Euler-Lagrange equation, 

o = v.(v/ ( v^))) = t^(^(v^)) 

(1.5) 

= X! /^%( Vu '( z )) u k^( z ) 

That is, u' € W 1 *^') and 
(1.6) /" (V/(Vu'(z)), \7<j)(z))dv = whenever G W Q 1,P (0'). 



Next, suppose O C C is a bounded simply connected domain, N is a neighbor- 
hood of 90, and m > is a weak solution to the Euler Lagrange equation in (jl.5[) 
with O' = O n AT, u' = u. Also assume that u = on 90 in the W 1,p (0 n AT) sense. 
More specifically, let u = on AT \ O. Then u( € W 1,p (O) whenever C G C£°(0). 
Under this scenario it follows from [3 Chapter 21] that there exists a unique finite 
positive Borel measure /z with support on 90 satisfying 



j (v/(vu(ao),v0>di/=- y ^ 



(1.7) 

whenever e Cq°(N). 

Remark 1.1. We remark from (|1.7|l that if 90 and / are smooth enough then 



We are now ready to introduce the notions of Hausdorff measure and Hausdorff 
dimension of /x associated with a weak solution it to (jl.5p in fi fl JV. 

Let A > be defined on (0, ro) with lim X(r) — for some fixed ro- We define 

'i 7-0 

the H x measure of a set EcCas follows; 
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For fixed < S < tq, let {B(zi, n)} be a cover of E with < n < S, i = 1, 2, . . ., 
and set 

^(£J) = inf^A(r i ). 

i 

where the infimum is taken over all possible covers of E. 
Then the Hausdorff H A measure of E is 

H X {E) = lim 4(E). 

When A(r) = r a we write H a for H x . Next we define the Hausdorff dimension of 
the measure fi obtained in (]1.7[) as 

H-dim n = inf{a : BBorel set E d dQ with H a (E) = and n(E) = fJ-(dfl)}. 

To give a little history, if fi = w is harmonic measure with respect to a point 
zq G f2, the case when /(Vu) = |Vu| 2 and u is a solution to Laplace's equation in 
\ {zq}, then Carleson showed in [4] that 

Theorem 1.2. H-dim lo = 1 w/ien c?Sl is a snow flake and H-dim ui < 1 w/ien 17 is 
any seZ/ similar cantor set. 

In [T3] , Makarov proved that 

Theorem 1.3. Let CI be a simply connected and [i = u> in |J.7| j be harmonic 
measure with respect to a point in f2, and let 



X(r) = r exp-MWlog - log log log -}, < r < 10 6 . 
V r r 

Then there exists an absolute constant A > such that harmonic measure lo is 
absolutely continuous with respect to Hausdorff H x measure. 

In [8], Jones and Wolff proved that 

Theorem 1.4. H-dim lo < 1 for an arbitrary domain Q in the plane when to exists. 

Later Wolff in [16] extended Theorem 11.41 by proving 

Theorem 1.5. Harmonic measure lo is concentrated on a set of a— finite H 1 mea- 
sure whenever CI is an arbitrary planar domain for which lo exists. 

In [5] , Bennewitz and Lewis obtained the following result for /i defined as in (|1.7[) 
for fixed p, 1 < p < oo, relative to /(V«) = |Vu| p . In this case the corresponding 
pde (|1.5p becomes 

(1.8) V-(|Vu| p - 2 Vu)=0, 

which is called the p— Laplace equation. Moreover a weak solution of (|1.8|) is called 
a p— harmonic function. 

Theorem 1.6. Let £1 C C be a domain bounded by a quasi circle and let N be 
a neighborhood of dCl. Fix p ^ 2, 1 < p < oo, and suppose u is p-harmonic in 
VtDN with boundary value in the W 1 ' p (flPiN) Sobolev sense. If pi is the measure 
corresponding to u as in \1. 7\ ) relative to /(Vm) = |Vit| p , then H-dim fi < 1 for 
2 < p < oo while H-dim [i > 1 for 1 < p < 2. Moreover, if dQ is the von Koch 
snowflake then strict inequality holds for H-dim /j,. 

In [T3], Lewis, Nystrom, and Poggi-Corradini proved that 
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Theorem 1.7. Let f2 C C be a bounded simply connected domain and N a neigh- 
borhood of dfl. Fix p 2,1 < p < oo, and let u be p harmonic in Q D N with 
boundary value on dfl in the W ' p (Cl n N) Sobolev sense. Let fi be the measure 
corresponding to u as in |J.7| j ; relative to /(Vu) = |Vu| p and put 



A(r) 



r exp 



A\l log- log log - 

r r 



for < r < 10 



a) If p > 2, there exists A — A(p) < — 1 such that /i is concentrated on a set 
of a— finite H x Hausdorff measure. 

b) Ifl<p<2, there exists A = A{p) > 1, such that fi is absolutely continuous 
with respect to H x Hausdorff measure. 

In the recent paper [12) . Lewis proved that 

Theorem 1.8. Let Q C C be a bounded simply connected domain and N be a 
neighborhood of dQ. Fix p ^ 2, 1 < p < oo, and let u be p— harmonic inQnN with 
boundary value on dfl in the W 1,P (Q, (1 N) Sobolev sense. Let fi be the measure 
corresponding to u as in (Op, relative to /(Vu) = | Vu| p and put 



A(r) = r exp 



.h/logi log log log i 



for < r < 10 



a) If p > 2, then [i is concentrated on a set of a— finite H 1 measure. 

b) Ifl<p<2, there exists A — A{p) > 1, such that fi is absolutely continuous 
with respect to H x measure. Moreover A(p) is bounded on (3/2,2). 

This theorem is the complete extension of Makarov's theorem to the p-harmonic 
setting. 

In this paper we obtain that, 

Theorem 1.9. Let Q C C be a bounded simply connected domain and let N be a 
neighborhood of dfl. Fix p, 1 < p < oo, let f be homogeneous of degree p and let 
V/ be S monotone for some < S < 1. Let u > be a weak solution to \1.5\) in 
Vt fl N with boundary value on dfl in the W ' p (Cl f] N) Sobolev sense. Let fx be 
the measure corresponding to u as in J 1. 7[ ) and put 



A(r) = r exp 



log - log log - 

r r 



for < r < 10~ 



a ) If P > there exists A = A(p) < — 1 such that fl is concentrated on a set 
of a— finite H x Hausdorff measure. 

b) Ifl<p<2, there exists A = A{p) > 1, such that fi is absolutely continuous 
with respect to H x Hausdorff measure. 



Note that Theorem 11.91 and the definition of H-dim fi imply the following corol- 
lary. 



Corollary 1.10. Given p, 1 < p < oo, let ii, fi be as in Theorem ll.91 and suppose 
is a simply connected domain. Then H-dim fx < 1 for 2 < p < oo, while 
H-dim fx > 1 for 1 < p < 2. 

This paper is organized as follows. In section[2]we obtain some regularity results 
for / and u. Indeed, in subsection 12.11 we first introduce some notation which we 
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will use throughout this paper and we mention some regularity properties of / 
satisfying ()1.2[) and (|1.3p suitable for use in elliptic regularity theory. 

In subsection 12.21 we study a variational problem and indicate some properties of 
weak solutions to the corresponding Euler Lagrange equation: maximum principle, 
Harnack inequality, interior Holder continuity of a solution, and Holder continuity 
near the boundary of £1. After that we study the behavior of u near dfl and the 
relationship between u and fl as in (| 1 . Tjl . Using this relationship we see that H-dim £i 
is independent of the corresponding u. 

In subsection 12.31 we use elliptic and quasiregularity theory to derive more ad- 
vanced regularity properties of u: quasiregulariy of u z , Holder continuity of Vu, 
and Vu locally in W ,2 , so u is almost everywhere a pointwise solution to (|1.5[) . 
We also show for a certain u that Vw ^ near <9f2. Next we outline a proof in 
[13] which shows for a certain u as in Theorem 11.91 that Vw satisfies the so called 
fundamental inequality. Using this inequality and previous results we first obtain 
that u and Vm are weak solutions to a certain pde and then that log/(Vu) is a 
weak sub, super or solution to this pde, depending on whether p > 2, < 2, or = 2. 

In section [3] we prove Theorem II. 91 

In general we follow the game plan of Lewis and coauthors who in turn were 
influenced by the work of Makarov. However the equation we consider is more 
complicated and has less regularity than the p Laplacian. Thus we had to overcome 
numerous procedural difficulties not encountered in [13] . 

2. Some Lemmas 

Throughout this paper various positive constants are denoted by c and they 
may differ even on the same line. The dependence on parameters is expressed, for 
example, by c = c(p, f) > 1. Also g ~ h means that there is a constant c such that 

\h<g< ch. 

Let B(z, r) denote the disk in R 2 or C with center z and radius r and let v be two 
dimensional Lebesgue measure. 



Let r] 



be a 2 x 1 column matrix and let ri T — \rii 772] denote the 

transpose of 77. We specifically denote the unit disk, B(0, 1), by D. Q will always 
denote an open set and often O is a simply connected domain. That is f2 is an open 
connected domain whose complement is connected. 

2.1. Basic Regularity Results for /. In this subsection we state some regularity 
result for /. Let / be as in (II. 2|) . ()1.3|) . Then V/ has a representative in (C) (also 
denoted by V/) that is S— monotone on C. From homogeneity of / and Kovalev's 
theorem in [9] we see that V/ is in fact a ii"— quasiconformal mapping in C where 



So the eigenvalues of the Hessian matrix of V/ either both exist and are zero or 
have ratios bounded above by K and below by 1/K. 

As / is homogeneous of degree p, i.e f{rf) = M p /(?7/|f7|) when ?] G C \ {0}, if we 
introduce polar coordinates; r = \r)\, tan(#) = 772/771, then 

/(r,0) = rV(cos(0),sin(0)). 
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Hence first and second derivatives of / along rays through the origin are 

(2.1) f r =pr p - 1 f(cos(e),sm(6)) and f rr = p(p - l)r p - 2 f (cos(9) , sin(0)). 

K— quasiregularity of V/ implies that / is continuous in C. Since / > it follows 
that /(cos(0), sin(0)) is bounded above and below by constants 1 < M and 1/M 
respectively. We conclude from this fact and (|2.1[) that 



(2.2) jj P (p - iy- 2 < f rr < M P {p - 



From ()2.2j) and if —quasiregularity of V/ it follows for a.e. 77 e C and all £ with 
|£| = 1 that 

(2.3) jfap(p-l)\r)\ p - 2 < frr « /«(»?) = V T D 2 frj < MKpip - l)^" 2 

where D 2 f = (f niVj )- It follows from homogeneity of / and (|2.3|) for some M' > 1 
that 

(2.4) < mm{f( V ), \v\\Vf(v)\} < max{/(r,), \r,\\ V/fa)|} < M']^. 
Using (|2.2[) we also see from basic calculations that for 77, 7/ e C, 

(2.5) 

KM + - ^'l 2 < (WW - V/(r/), »,-»/>< c(M + h'ir 2 h - Vf- 

Let 6*(z) be the standard mollifier, i.e; 



6{z) = 

Let f e = f * 9 e where 



c exp(^ 3T ) if \z\ < 1 
if \z\ > 1 



(2.6) fe{z) = J e e (z-w)f(w)dw= J 9 e (w)f(z-w)dw 

C B(0,e) 

for zeC. For later use we note that (|2.5j) and the definition of f £ easily imply 
(2.7) 

i(|r?| + |r/| + sf- 2 \ v - v '\ 2 < (V/ e (r?) - Vf e {rf) t ri rf) 

<c(\r,\ + \r,'\+sr- 2 \r,-r,'\ 2 . 

Finally, we state for further use a lemma which is a direct consequence of 
and CO} for u G VF 14 (ft). 

Lemma 2.1. For some constants c, c', c" > 1 depending only on f , we have for a.e 
z 6fl, 

-|Vu| p < /(Vu) < c\\7u\ p , 

c 

^iv^r 1 < |v/(v«)i < c 'iv u r\ 

— \Vu\P~ 2 < \\D 2 f{Vu)\\ < c"\Vu\p~ 2 , 
c" 

where |jD 2 /(Vu)|| denotes the absolute value of an arbitrary second derivative of f 
evaluated at Vu(z). 
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2.2. Interior and boundary estimates for u. We refer to j3] for references to 
the proofs of Lemmas 12.21 - 12.41 

Let w £ cMl and < r < diam fi. Moreover, let / be as in Theorem ll.9l We also 
put /(0) = 0. In this subsection we begin by stating some interior and boundary 
estimates for u a positive weak solution to (11.5[) in B(w 1 Ar) n il with u — on 
B(w,4r) n <9f2 in the Sobolev sense. 

Lemma 2.2. For fixed p, 1 < p < oo, let u, /, Q, w, r be defined as above. Then 

(2.8) ±r p ~ 2 / f(Vu)du < ess sup u p < c\ [ u p Au. 

J B{w,r) r J 

B(iu,§) B(w,r) 

Lemma 2.3 (Harnack's Inequality). Let ii, f2, r, w be as in Lemma \2.2\ Then there 
is a constant c = c(p, f) such that 

(2.9) ess supu < cess inftt. 

B{w,s) B(w,s) 

whenever B(w, 2s) C B(w, 4r) fl fl. 

Next we state local Holder continuity of u. 

Lemma 2.4. Let u,Q,w,r be as in Lemma \ 2.2\ Let < sq < oo and suppose 
that B(wo,sq) C B(w,4r) n fl. Then for < s < So there is a constant < a = 
ct{p, f) < 1 such that 

\u(w) — u{w)\ < c I I ess sup u. 

V s / B{w ,s ) 

Next we indicate Holder continuity of u near B(w 1 4r) n 9fi. 

Lemma 2.5 (Behavior of u near the boundary). Let u, f2, w, r be as in Lemma \2.2\ 
Then there is a' — a'(p, /) > such that ii has a Holder continuous representative 
in B(w, r) and if w,w € B(w, r) then 

(\w w\\ a 
I ess sup u. 
r ) B(w.2r) 

Proof. The proof for p > 2 follows from Lemma 12.21 and Morrey's Theorem. For 



1 < p < 2 we note that there is a continuum C B(w, t)\fl connecting w to dB(w, t) 
as follows from simply connectivity of f2. We also note that this continuum is 
uniformly fat in the sense of p— capacity (see |llj for the definition of a uniformly 
fat set). That is, the p— capacity of this continuum is > c _1 times the p— capacity 
of B(w,r). Using this fact in the Wiener integral in Theorem 6.18] we obtain 
for < p < r/2 

(2.11) osc u<c(-\ esssupw 

B(w, P )nn \r/ B (w,r) 

for some c = c(p, f, f2) > 0. From (|2. 1 1|) we obtain Lemma \2. 5 1 for 1 < p < 2 when 
w or w in B(w, 4r) fl dfl. Other values of u>, w in (|2.10[) are handled by using this 
estimate and the interior estimate in Lemma 12.41 □ 



Lemma 2.6. For fixed p, 1 < p < oo, let u,£l,w,r be as in Lemma \2.2\ Let fi be 
the measure corresponding to it as in jj.7| ). 
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Then 

(2.12) ±r p - 2 fi{B(w, §)) < esssupuP" 1 < cr p - 2 fj(B(w, 2r)). 

B(u>,r) 

Proof. A similar argument to the one in [5] can be applied to obtain Lemma \2M □ 

We next study the so called capacitary function. To this end, we choose z$ € fi 
and let £) = Q \ £>(zo, d(zo, <9f2)/4). Let w be a capacitary function for D relative 
to /. That is, u is a positive weak solution to (jl.5l) in D with continuous boundary 
values, u = on <9f2 and w = 1 on 8B(zq, d(zo, dVl)/A). 



Remark 2.7. It easily follows from Lemma 12.61 that //, corresponding to u, u re- 
spectively as in (jl.7[) are mutually absolutely continuous, 

fi<^ /i. 

Hence H-dim // = H-dim We also conclude from mutual absolute continuity of 
fi, fi that Theorem 1 1 . 91 holds for fi if and only if it holds for \i (For a proof see [13]). 

2.3. More advanced regularity results. In this subsection we study more ad- 
vanced regularity properties of a weak solution u to (|1.5[) . We first obtain regularity 
results for Vii. To this end, assume that B(w, 4r) C Q and let u £ be a weak solution 
to 

,2.3, -V.(V/.(V«.))-t£(^) 

in S(w, 2r) with ii e ~ u e Wq' p (B{w, 2r)) where / £ = / * 6> £ is as in ([2~B| . 

Using the De Giorgi method, (I2.7|) . and pde theory, it can be shown that £ = 
(u e )^ is in W 1,2 {B(w, r)) and satisfies a uniformly elliptic equation in divergence 
form (for more details see [10]). That is, £ = (u e )^ in W 1,2 (-B(i&, r)) is a weak 
solution to 

(2.14) 

in B(w,2r). Here ellipticity constants and W 2,2 norm of u £ depend on e. On the 
other hand, u e also satisfies a nondivergence form equation 

(2 - 15) °^iv^i +£ r%.g 1 l^-) c 




in B(w,2r). It follows from (|2.7[) that ellipticity constants are independent of e. 
Using this fact and arguing as in [5J Chapter 5] it follows that (u £ ) z — u Xl ~ iu X2 
is a K— quasiregular mapping for some constant K which depends on the constant 
c in (I2~7l) . 

Then m £ e W 2 ' 2 (B(w, 2r)) with norm independent of e. Also Vu E is a"— Holder 
continuous where a" = K — \JK 2 — 1 with constant independent of e (see [5]). 

Since Vu e — > Vu in W ,p (B(w, 2r)), then for some subsequence, e* -> we 
have Vw £i — > Vm a.e in B(w, 2r). {Vu Ei } is equicontinuous as {V« E J is uniformly 
Holder continuous with constant independent of e. We may redefine Vu in a set 
of measure zero if needed. Thus, Vu £ifc — > Vu uniformly on compact subsets of 
B(w, 2r). Then it follows from [2] that Vw is a if— quasiregular mapping. 
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From quasiregularity we also have 

( 2 -!6) ||Vfi||wn. a(B ^ 1 r)nn) < c W^\\ L2{B( ^ )nn) 

where c = c(p), and Vu is Holder continuous. Using these facts and basic Cacciopoli 
type estimates for u ? we deduce the following lemma, 



Lemma 2.8 (Local interior regularity for Vw). Let u, f, Q, w be as in Lemma[ 

If B(w,4:s) C B(w,4r) (~l ft, then u has a representative with Holder continuous 
derivatives in B{w,2s) (also denoted u). Moreover Vu is A — quasiregular and 
there exists a'" , < a'" < 1, and c > 1, depending only on f and p, with 

(2.17) \Vu(z) - Vm(z)[ < c - Z h esssup|Vu| <-( \ z ~ z \ \ esssupti. 

V s / B{w,s) s \ s J B(w,s) 

Also if Vm ^ in B(w,2s), then 

(2.18) J |V«r 2 j2{u XkXj Y&v<^-^ 2 J \Vu\?dv. 

B(w,s) k - J = 1 B(w,t) 

for s <t < 2s. 

Lemma 2.9. Let u,f,fl,w,r be as in Lemma \2.2\ If Vu ^ in B{w,As) C 
B(w,4r) H £1 then h(z) = log|Vu|(z) is a weak solution to a uniformly elliptic 
divergence form partial differential equation for which a Harnack 's inequality holds. 

Proof. From Lemma [2.8I Vu is a A"— quasiregular mapping and by assumption V« ^ 
in B(w,As). Thus h(z) is well-defined in B(w,4s) and also a weak solution to 

2 g 

(2.19) J2 q— ( A kjh Xj ) = in B(w,4s) 
k,j=i k 

where (A kj ) = A, DH = (ggjL_) , and 

_ f dctZ? 2 u (D 2 u T D 2 u) 1 if D 2 u is invertible, 
!_ Identity matrix otherwise 

(for more details see [7, Chapter 14]). It follows from an observation in Theorem 
14.61] and A"— quasiregularity of Vu that 

i|ry| 2 < An ■ i] < c\n\ 2 a.e in B(w,4s) and for all r\ G R 2 . 

Therefore h = log |Vu| is a weak solution to a uniformly elliptic partial differential 
equation in divergence form in _B(w,4s) from which we conclude that Harnack's 
inequality can be applied to h in B(w, 4s) when h > 0. □ 

Lemma 2.10. Let u be the capacitary function for D defined after Lemma \ 2.b\ 
Then Vu ^=0 in D. 

Proof. Since (ll.5|) is invariant under dilation and translation we may assume that 
D = il\ B(0,1)- To prove Lemma [2.101 we use the principle of the argument. 
Indeed, we use the principle of the argument for a A— quasiregular mapping. 

Let u z = u Xl — iu X2 - We know from the previous subsection that u z is a non 
constant A— quasiregular mapping and therefore that the zeros of u z are isolated 
and countable in D. Hence, there exist < to < h < 1 with to arbitrarily close 
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to and t\ arbitrarily close to 1 such that m 2 ^ on jj = {z € D; u(z) = tj} 
for j = 0, 1. K— quasiregularity of u z implies that u z is a"'— Holder continuous for 
some < a'" < 1. Then from Lemma [2.81 Tj. j = 0, 1, is a C 1,Q Jordan curve 
and without loss of generality we can assume that Tj is oriented counterclockwise 
for j = 0, 1. 

Let Tj — u z (^j) for j = 0, 1. We claim that 



(2.20) — / / — = #of zeros of u z {z)m {z € D; t < u{z) < t x } 




Indeed, (|2.20p is well-known if u z is an analytic function as follows from the "prin- 
ciple of the argument" . 

We prove (|2.20|) using this idea and the Stoilov factorization theorem, that is 

(2.21) u z (z) = hog(z), ze D 

where h is an analytic function in g(D) and g is a K— quasiconformal mapping of 
D. Then 

(2.22) dg({z £D;t a < u{z) < h}) = r U n = (g o 7o ) U (g o 7l ) 

where Tj = go^/j is a Jordan curve for some < j3 < 1, oriented counterclockwise 
for j = 0, 1. Applying the principle of the argument to h as in (|2 . 20[) we get 

(2.23) 

-^-7 [A arg (h o t ) — A arg (/i o n)] = # of zeros of ft in g({z E D; t < \z\ < ti}). 

Z1T1 

Here A arg (hoTj), j = 0,1, denotes the change in the argument of hoTj as Tj is tra- 
versed counterclockwise. (|2.20j) follows from the fact that g~ Y is a homeomorphism 
of C onto C and (|2~23"l) fSee [2]). 

Now, let Zj{s), < s < 1 be a parametrization of Tj for j = 0,1. Since Tj is 
C 1 '" we have 



ds w/ d 



s 



(2.24) = Uz ^M + u . z dz ^ 



ds ds 
2Re\u z 



dzj(s) 



ds J 

Therefore, u z dz J^ is always pure imaginary on Tj, j = 0, 1, and so 



= A arg [u z 



dzj{s) 



(2.25) ds 



dzj{s) 



Aargu z (7j) + A arg 

ds 



From (|2.25j) we see that 

(2.26) Aargu z (7j) = -Aarg 



dzj(s) 



ds 

Finally, as Tj, j = 0, 1 is a Jordan curve oriented counterclockwise, it follows 
from the Gauss-Bonnet Theorem that 

(2.27) J_Aarg^ = l for j = 1,2. 

Z7T Cl" 
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Another way to prove (|2.27|) using analytic function theory is to use the Riemann 
mapping theorem to first get tpj mapping {z \z\ < 1} onto Gj =: inside of jj, j — 
0, 1. As in [TS] it follows that 4>j extends to a C 1 '' 3 homeomorphism of {z \z\ < 1} 
onto Gj . Then we can put 

(2.28) z 3 (s) = ipjie 2 ™), < s < 1, 
and observe that 

(2.29) = 2nMe 27ris )e 27r[s . 

ds J 

Then on {z; \z\ = 1} we have 

dz 

r 2 30 >) A arg — = A arg ^ (z) + A arg z 

= + 2tt = 2tt. 

In view of (|2~^T|) . (|2"^31> . (|2T2l?j) . and ([2^27)1 we conclude u z ^ in d \ G , i.e 
between the level sets 70 and 71. Using this observation and letting to — > 0, ti — ^ 1 
in (|2.20|) we have the desired result, u z 7^ in £>. □ 

Next we state the fundamental inequality from |13) . 

Lemma 2.11. Lef u be a capacitary function defined after Lemma \2.6] for D = 
fi \ B(zQ,d(zQ, dfl)/A). Then there is a constant c — c(f,p) such that 

1 u(z) , . , u(z) 

( 2 - 31 ) 7 37 i < l V «WI < c " 



: d(z,ao) - 1 wi - d(«,fln) 

whenever z 6 I? and d(z,<9r2) > d ( z °^ r2 ) _ 

Proof. Fix p, 1 < p < 00, and let u Let u be a capacitary function defined after 
Lemma [2. 61 for D = Cl\ B(zo,d(zo,dtt)/4:). The proof in [T3] uses only Harnack's 
inequality for a harmonic function and Holder continuity of u as well as Harnack's 
inequality for log | Vw| when V« 7^ 0. Since our function u has these properties we 
conclude that (|2.11[) is also valid in our situation (For more details see p~3l Theorem 
1.5]). □ 



Lemma 2.12. Let u be a capacitary function for D defined after Lemma \2.6\ and 
let f be as in Theorem \1.9\ . Then v = log/(Vu) is a weak sub solution, solution or 
super solution to L£ = respectively when 2 < p < 00, p — 2 or 1 < p < 2. where 

(2.32) ^=E^(WV4 

Remark 2.13. When / in (|1.5[) is smooth enough and homogeneous of degree p in 
C \ {0} and u is smooth enough as well as a pointwise solution to (|2.32[) . then in 
[2 Theorem 1] it is shown by a direct calculation that log/(Vu) is a sub solution, 
solution or super solution to the partial differential equation in (|2.32|) respectively 
when 2 < p < 00, p = 2orl<p<2. 
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Proof of Lemma \2.12\ Using Lemmas 12.81 12.111 in ()1.5[) with u' = u, we find for 
(j> € Qf(£>) that 



(2.33) 



= J (v/(Vt«), v^)<fa/ = - / E diU d ^ U)) 

2 

= -/ E ( Vu ))( U x ! )x J 0x fe dl/. 



From homogeneity of / and Euler's formula we have 

2 2 

(2.34) E W = (P " ^ M and E (»?) = P/W 
j=i j'=i 

for fc = 1, 2 and for a.e. 77. Then it follows from (|2~33| and (|2~34| that 

2 2 

(2.35) / E /wu»( V "KA* dv = (p- 1) / E-M Vw )<^ diy = °- 

si k 'i =1 n fc=1 

From (|2.35p we see that £ = u is also a weak solution to L( = 0. We note also that 
since u, f E W lo ' c {D) thanks to Lemmas and EH] then for v a.e z £ Q 

2 

(2-36) 0= E fmm(Vu(z))u XkXl (z). 

k,l=l 

Let v = log/(Vu), by = } mm {Vu), D 2 u = (u XiX .), D 2 f = (f mnj ) and observe 
that 

! 2 

(2-37) bfeju^. = E fvn(Vu)i>kjU XnXj . 

J{ - vu > n =i 



Using (|2.37|) we see that 



/ E li ' / r - °*- ,l " / E 77^yE b ^^"( v 

(2.38) n n 

2 3 ffr,n(Vu)' 



u)u XnXj 4> Xh dv 



where to get the last line in (|2.38p we have used 

(2.39) = / E ^(J^^cU, 

q n,k,j—l 

(|2.39p is a consequence of (12.33)) with n = I and <f> replaced by ^fiy^ 4> as well as 
the fact that 

f(Vu) loc { ' 
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From (|2.38|) we have 



(2.40) 

where 
(2.41) 

and 
(2.42) 



= -[(!' + I")4>Av 



1 



bkjU XnXj 4>du 



I" = - 



1 



/*(Vu) 



We can rewrite (|2.41|) and (I2.42[) using matrix notation. First notice that (|2.36[) 
becomes 

(2.43) tr (D 2 f ■ D 2 u) = for v a.e z in D. 
It follows from (|2.43[) that there exists m, n, [ such that 

(2.44) D 2 f ■ D 2 u = 
Squaring both sides of (I2.44j) gives that 

(2.45) {D 2 f ■ D 2 u) 2 = (m 2 + nt) 



m n 

[ -m 



for v a.e z in D. 



1 
1 



det(D 2 / • D z u)I for v a.e z in Q. 



Using (|2.44l) and (12.45)) we can write (|2.41l) as 



I' = - f t,({D 2 f-D 2 u) 2 ) 



(2.46) 



det(L> 2 / • D 2 u) 



f 



tr(/) 



= -2 



det(L> 2 / • D 2 u) 
7 ' 



To handle (|2.42p note from symmetry of D 2 u and D 2 f that 

2 

^ ] bkj u x t x k Ux n Xj 
k,j=l 



is the In element of D 2 u ■ D 2 f ■ D 2 u. 
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Using homogeneity of / for v a.e z in D we obtain 

/" = -i tr (Df ■ (Df) T ■ D 2 u ■ D 2 f ■ D 2 u) 

(2.47) =^^^t r (^/-V..(V.r) 
_ 1 detW.^J _ D2f 



(P-1) 2 /2 

p(p _p / det(J> 2 / ■ J a u) 

(p-i) 2 p 

p det(£> 2 / ■ D 2 m) 

where we have used 

2 

(2.48) tr^ 2 / • V« ■ (Vit) T ) = ^ b lk u Xl u Xk = (Vu) T • C 2 / ■ Vu. 

/,fe=i 

Note that (|2~46|) and (|2~47l) imply for v a.e z in D 

det{D 2 f • L> 2 u) p det(L> 2 / • D 2 u) 



/' + /" = -2- 



(2.49) 



/ (P-1) / 

p-2\ dct(D 2 f-D 2 u) 



Rearranging (|2.36[) for a.e z in D and using Lemma 12.11 we find that 

^11 j„.m2„,\_ 1 //oi, „. i u „, v.. i u „.2 



det(D 2 M) = ((2bi 2 M a;i x 2 + b 2 2U X2X2 )u X2X2 + fan?/ 2 



(2.50) 11 1 ' 

= ((V M;E2 ) T • £ 2 / • Vu X2 ) « |V U;C2 | 2 . 

Likewise, 

(2.51) " |^p=a dct (^") = j^pi ((V^x) T • £> 2 / • ViteJ « |Vn xl | 2 . 
Now from (f^T¥DT) and (|2T4^|) we see that 

'p-2\ f det(D 2 u- D 2 f) 



n ^1.7 — 1 o 



<pdv 



(2.52) 

>-2\ /" -bndet(£) 2 u) det(L> 2 /) 



/ 

Bt^^detGD 2 /) 

p-iyy iv w "p —**». 

n 

Moreover, we note that combining (|2.50[) , (12.511) and using (|2.52p . Lemma I2TT1 we 
have 

(2.53) Lv = (p- 2)T weakly 
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2 

where T « \Vu\p- 4 £ {u XiXj f. From (|2~53l we conclude for p = 2 that we have 

ij'=l 

( = v = log(/(Vu)) is a weak solution to (|2.32l) . L( = 0. Similarly, ( = v is a 
weak sub solution or super solution to LC, = respectively when 2 < p < oo or 
Kp < 2. □ 



3. Proof of Theorem 11.91 

In this section, we first obtain Lemma l3.1[ and then using this lemma we prove 
Theorem 11.91 for fixed p when 1 < p < 2 and 2 < p < oo separately. To this end, 
we shall give the definitions of u, fi, zq, fi again. 

Let fi be a bounded simply connected domain in the plane. Let zq G fi and 
let D = fi \ B(zo, d(zo, <3fi)/4). Let u be a capacitary function for D. That 
is, u is a positive weak solution to (|1.5j) in D with continuous boundary values, 
u = on <9fi and u = 1 on dB(zo, d(zo, 9fi)/4). Then by Remark 12.71 we have 
H-dim /} = H-dim /i. Therefore, it suffices to prove Theorem 11.91 when u is a 
capacitary function and /j, is the measure corresponding to u as in (jl.7l) . 

Let D be as above and let 4s = d(zo,d£l) and set S(z) = zo + sz. Then it 
follows from the fact that (|1.5[) is invariant under translation and dilation that 
u = u(E(z)) for H(z) S D is also a weak solution to (jl.5j) in E~ 1 (D). Let /i be the 
measure corresponding to u in (II. 7J) . It can be easily shown from (jl.5l) that 

(3.1) /!(£;) = s p - 2 p(Z(E)) whenever E C M 2 is a Borel set. 

Clearly, p.ip implies that H-dim /I = H-dim /i. Therefore without loss of generality 
we can assume that z = and d(zo, 9Q) = 4, D = fi \ B(0, 1). 

To prove Theorem II. 91 we first need a lemma. To this end, let a be a capacitary 
function for D = fi \ B(0, 1) corresponding to /, and let ^ be the corresponding 
Borel measure. Define 

I \ _ j max(v(z), 0) when 1 < p < 2 
1 max(— u(z),0) when 2 < p < oo 

for z 6 D where = log(/(Vu)(z)). 

Lemma 3.1. Lei m be a nonnegative integer. There exists c» = c»(/,p) > 1 ,suc/i 
that for < t < 1/2, 

(3.2) / i^-W'MSC+'Mlogip. 

{zGD: u(x)=t} 

Proof. Define g(z) = max(w(z) — c',0), z £ D where c' is large enough so that 
g = in B(0, 2) n D. Since u is continuous in D, there is such a c'. 

Extend 5 continuously to fi by putting g = in -B(0, 1). Set b%j = /^».(Vu) 
and let L be as in Lemma \2. 121 

Let fi(i) = {z £ fl : > i} for < t < 1/2 and let u = max(u - t, 0). Note 
that 5 2 G W 2 '°°(Q(t)). 

Fix p, 1 < p < 2 until further notice. From Lemma [2.12[ £ = v = log/(Vu) 
is a weak super solution to LQ = in D (see l|2.32[) ). Using g 2 " 1-1 ^ > as a test 
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function in ()2.32|) for ( = g and the fact that g = in B(0, 2), we get 



(3.3) 




+ 2m j ^gx^^iu-t)^ 

n(t) k >i= x 
= II' + II". 



We first handle II". To this end, let i(j £ C^{{z : u{z) > t - e}) with ip = 1 
on Then since £ = u is a weak solution to (|2.32j) and using g 2m ip as a test 

function, we obtain 

/ E^"4^ dv 

n(i- E ) fc 'J =1 3 

fi(t-e) fej=1 n(t-s) 

Letting e — > and using the Lebesgue dominated convergence theorem gives II" — > 
II". 

We now show that for H 1 a.e t € (0, 1/2) and properly chosen i/> that 



= 

(3.4) 



(3.5) 



r 2 

J E bfc ^ 2m ^^| ase^O. 



{z£C: «(*)=*} fcj 



To this end let <\> : K ->■ R be a C°° function satisfying < <f> < 1, and < c/e 
such that 

, > J 1 when s > 1, 
= \ when s < 1 - e. 
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If we set ip = 4>{u(z)/t) in and use the coarea formula we see that 

2 



I X! b kjU Xk g 2m ip Xj dv 

J l. A 1 



fi(t-e) 



k,3 = l 



Jm 



u{z) 



(3.6) 



r 2 

Q(t(l-e)) 



1 J b V n *h9 $ 



n(f(l-e)) 



/ 



di/ 



u x Av 



Let 

Then using 

we have 
(3.7) 



t(i- 



6(r) 



7 / *<i> / ? 



2,n Ux i ( | y y 1 



|v«| 



\{zeD: u(z)=r} fej_1 



dr. 



{zGD: u(z)=t} k ^~ 1 



z 

\ J 0'(I)dr = 0(l)-0(l-e) 



t(i- 



27£ = - 

2 i 



^( ? )[e(r)-e(t)]dr + e(t) 



t(l-e) 



for almost every i G (0, 1/2). If we let e — > it follows from the strong form of the 
Lebesgue Differentiation theorem that 

t t 

(3.8) hm |~ f 0'(l)[e(r)-9(t)]dr| < hm l f |6(r) - 9(t)|dr = 

t(l-e) t(l-e) 

for H 1 a.e t G (0, 1/2). From fl31| and (JSHJ) for H 1 a.e f G (0, 1/2) we have 

(3.9) Il'i -> 6(t) as e -> 0. 

Thus ([33} is true. Hence using (1531) in ([3"3]l and then (|31| and (j3~51) in f53|) we 

see that 



(3.10) 



{2:: 1/(2)— 



|V«| 

r 2 

< 2m(2m - 1) / £j ^kjg Xj g Xk g 2m ~ 2 {u - *)dw 



n(t) 



fcj=i 
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Similarly, for fixed p, 2 < p < oo from Lemma l2.12l ( = v = log /(Vit) is a weak 
sub solution to ()2.32p . L( = in £>. Using this observation and g 2m ~ 1 u > as a 
test function and the fact that g = on B(0, 2), we have 



(3-11) 



> 2m J £ b fej — (log/(V U ))— {g^u) dv 
n(t) k >i =1 3 

r 2 d 

= -2m I l 1 /,//' ^7 (g^ 1 ^ - tj) dv 

= -2m(2m-l) J ^ bfcjS^ <?* fe <? 2m ~ 2 (« - t)du 



2m Y b kjgx 3 g 2m 1 u Xk dv 



n(t) 

= -(III' + III"). 

Arguing as in the previous case we have (|3. 10[) when p > 2. Therefore, for fixed 
p, 1 < p < oo, (I3.10[) . Lemma 12.11 and Euler's formula for a homogenous function 
yield 

(3.12) 

2 

„2m/(^ U ) i rrl/ \ _ 1 /" u U *k U Xj 2m i rrl / 



.. 5 iv«i — v ~ y p(p-i) j ^; kj |v«i 

2 

2m(2m-l) /" x - 2m-2/ 

< P (p_i) y E ^^3 2m 2 iu-t)dv 



<c2m(2m-l) f |Vu| p ~ 2 |V.g| 2 g 2m ~ 2 udv. 



n{t) 

Let {Qi} be a closed Whitney cube decomposition of ft(t) and let Zi be the center 
of Qi for i = 1, . . .. Let Ri be the union of cubes that have a common point in the 
boundary with Qi. 

Note that the definition of g and Lemma 12.11 yield for a.e z E fl 

(3.13) |V9| < c ]V/(Vn)|||^||^||^|| 



/(Vu) |Vu 
Moreover, it easily follows from Lemma \2 .81 that 



,3.14, || V „ryj(„„,,) 2 d,<c/ ; J^Ld, 

for every i = 1 , . . . . 



k ' j Ri 
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Using (|3.13[) . (|3.14[) . Lemmas 12 . 1[ 12 . 1 1 1 in (|3.12[) on the Whitney cubes Qi we see 
that 
(3.15) 

r g 2 m f^_ dH i < C , TO 2 r u | Vu r 2 |v 5 iv m ^ 

J \vu\ J 

{z:u(z)=t} f2(t) 

<c'm 2 ]>>ssup(^ 5 2m - 2 ) J \Vu\?\Vg\ 2 dv 

* Qi 

* ' Qi 

<c'm 2 ]>>ssup(^ 5 2 "- 2 ) J |V W |^ 2 |^ 2 U | 2 d^ 

Ql Qi 



|v«| 2 * yy (d{z,dn)y 

Ri 



2 



<c'TO 2 ^esssup( 3 2 " 1 - 2 ) f U |V W |P- 2 ^Ld^ 
1 Q I 

<c'm 2 Y ess sup ( 5 2m - 2 ) / ^^dv 
Qi J u 



Qi 

Ri 



<c'm 2 I ( g + £) 2 ™- 2 l^ldv. 



n(t) 

Here we have used the fact that Qi intersects with finitely many Ri which allows 
us to interchange freely Ri and Q t . 
Moreover, Lemmas 12.111 |2~£1 yield 

(3.16) Iog/(V«) « log|V«j < log(e < M"^ 1 ) < « log(^) 

whenever z £ {z £ fl : u(I) = t} and < t < 1/2. Therefore, for z e {z e D : 
= t} and < t < 1/2 we see from Lemmas 12.111 12~31 that 

(3.17) ( 5 + cf m - 2 = (g 2 + 2gd + d 2 )" 1 - 1 < {g 2 + clog l/t)™" 1 . 
whenever < t < 1/2. Using the Binomial theorem and (|3.17[) we can write 

m— 1 1 

(3.18) ( 5 2 + cloglAr- 1 = 2 H g-A l g 2fc (^g 7 ) T 



fe=0 

Let 



^ m — 1 — k 

t 



I m (t)= J g 2 ™l^±dH\z) for 0<t<i. 

ti(je)=i} 
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Then using the Coarea formula, (|3.12|1 . ()3. 15|) and (|3.18[) we obtain 



(3.19) 

I m (t) -- 



{z: u(z)=t} 



< c l m 2 



|v«| 



! c j2m-2 /N 



di/ 



/ 2 

c m 



O(t) 

1 / 

1 



t \{z:u(z)=r} 



( 9 + cf™-*l^dH\z)\ar 



< 



< c' m 2 



m — 1 

E 

fc=0 
m — 1 



(m-l)! / ( cl °g 7) 



< c' m 2 V (m ~ 1)! 

— / ; fc!(m— fe— 



k\(m-k-l)\ 
(m-l)! 



lyn—X—k 
T 



,2 A' 



|Vtl 



\{z: u(z)=t} 



|Vu| 



dH\z) dr 



fe=0 



(clogi) 



1 \m—l — k 



-Jfcdr 



It easily follows from V ■ V/(Vu(z)) = for a.e z E D, homogeneity of / and the 
divergence theorem that 



(3.20) 



Io(t) 



{z: u(z)—t} 



^^- dH 1 (z) = constant = c(p, /) for < t < 1. 



One can now use an induction argument on m in the following way: by (|3.20j) 
we have Iq < c* for < t < 1/2, and next assume that we have 



„fc+l; in „ life • - 1 



(3.21) J fc < < +1 fc![log -f when < i < - and for every 1 < k < m - 1, 
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where 1 < c*. Then for k = m a positive integer we have 



m — 1 



I m (t) < c'm 2 J2 



m-1)! 



(3.22) 



k=0 
m — 1 



< ti 



'™ 2 E 



fc!(m-fc-l)! 
m - 1)! 



^ I 2 
< C TO 



k=0 
m — 1 

E 

m — 1 



k\(m - k - 1)1 
m — 1)! 



< ti 



'™ 2 E 



k=0 



<c'Cm!(logi 



<cr +1 m!(log- 



(dogi) 



1 \m—l — k 



-hdr 



(dogi) 



1 \ra-l-l: 



-c* +1 fc!(log(-)) fe dT 



(logi 



1 \m— 1 



fe!(m- fc- 1)! 



-dr 



fe!(m- k - 1)! 



71-1 . 

E ( m - - i)! 



, fc=0 



for < i < 1/2, and c* large enough. 

Hence by (|3.22|) . Lemma 13.11 is true with w replaced by g. It follows from 
w < g + c' that Lemma 13. II is also true for w. □ 



By Lemma l3~T1 we get for < t < 1/2 
/(Vu) u 



(3.23) 



|Vtt| (2c*) m m![log±] 



11m v 1 — 



{zeD: u(z)=t} 

Summing over m in (|3.23[) yields for < t < 1/2 

/(Vu) 



(3.24) 



Define 



/ 



{zgD: u(z)=t} 



|v«| 



exp 



2c* log i 



dif 1 ^) < 2c» 



(3.2--)) ?(/) = \/4, ( logij flog log ^ ) for0<i<e- 2 , 



and 



(3.26) 



Q3(i) = {z : u(z) = t and w{z) > D(t)}. 
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Then by (pQ4|) we have 
2c« > 



f(Vu ) 
|Vd 



■ exp 



> 



{zeD: u{z)=t} 

/(V«) 



(3.27) 



<B(t) 



> 



<8(t) 



|v«| 

/(V«) 
|V«| 

/(V») 
IVuI 



exp 



exp 




2c* log \ 
(-logt) 2 dF 1 (2 



2c» log | 
dff 1 ^) 

dff x f«) 



diT 1 ^) 



We conclude from (13.27)) that 



(3.28) 



<B(t) 



For a fixed and large A, we define the Hausdorff measure H x as follows; 
Let 

re ^®(r) w hen 1 < p < 2 
r . e -A2>(r) whgn 2 < p < oo. 



(3.29) 



A(r) 



Let Hausdorff H x measure and Hausdorff dimension of a measure be as defined 
before Theorem 11.21 relative A as in (|3.29j) . 

We can now follow closely the argument in [T3| Section 3] and deduce that 
Theorem II .91 is true. For the reader's convenience we give the argument. 



Proof of Theorem \1.S\ To prove Theorem 11.91 for fixed p, 1 < p < 2 we show that 
for a large A, /i is absolutely continuous with respect to H x measure. To this end, 
let E C <90 be a Borel set with H X (E) = 0. Let E = E 1 U E 2 where 



(3.30) 

and 

(3.31) 



E 1 := {z E E: limsup ^ B }^ r)) < oo}, 
r-rt> A(r) 



Eo 



„ , u(B(z,r)) 
{z £ E; limsup PV ) " = oo}. 
r-rt> A(r) 



It is easily shown that n{E\) = 0. It remains to show that n(E 2 ) = 0. By measure 
theoretic arguments, definition of A and by Vitali's covering argument it can be 
shown that given < ro < 1CP 100 there is {r^ < ro/100, z.- L g E 2 } such that 

B(zi, 10r,) are disjoint balls, 

(3.32) {B(zi, lOOrj)} is a covering for E 2 , 

n(B(zi, 100n)) < 10V(^(z i ,r 4 )) and A(100s) < fj,(B(z,s)) for every i 

(see [T31 Proof of Theorem 1.3]). 

Choose Q G dB(zi, 2r-j) such that u(Ci) = max it on B(zi, 2rj). From the last line 
of (|3.32j) and Lemma [2.61 we know that the maximum of u on B(zi,2ri) and the 
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maximum of u on B(zi,5ri) are proportional. Thus, this observation and Lemma 
EH yield d(C;,<9Q) « n . 

Moreover, using d(Q, dil) ~ fj and Lemmas 12.11 12.61 we see for fixed i that 

(3 33) KBjzj, lOrQ) ^ f V _1 _/(Vu(*)) 



d(Ci,dSl)J |Vu(*)| 

whenever z G B(Q,d{Ci,dQ)/2). Choose m so that 2~ m < < 2~ m+1 , and let 
be the first point on the line segment from Ci to a point on d£lndB(d, d(Ci, <9fi)) 
satisfying u(rji) — 2~ m . Then we see that ()3.33p holds with replaced by ?7,. That 
is, 



Ufa) = 2 " l and d(r)i,dQ) « r,, 
(3-34) ^(zi.lOfi)) / «(»*) V -1 /(V«(«)) 



r, \d(r)i,dn)J ' |Vu(z)| 

whenever z e B(r]i,d(r]i,dSY)/2). 

From (f3T32]) and (j334| for z e B(TH,d(rn,dil)/2) we have 

^(lOOrO^bg^ 1100 " 



|V«(*)I 



p-1 



< log 



100r ( 
/ fj,(B(zi,ri)) 



(3.35) " V !00r, 

^ fi(B(zi, lOfj)) 

< clog 



< clog|Vw| p_1 < clog/(Vu) + c = w(z) + c. 

where A is as in (|3.29p and c = c(p, /) > 1. 

Using Lcmma l2~4"l we can estimate 2~ m above in terms of r%. We can also estimate 
2~ m below in terms of r» using the last line in (|3.32j) and p.34|) . That is, there 
exist d = c(p, /) and j3 = f3(p, f) < 1 such that 

(3.36) r, < d{2- m f and 2~ m < eVf . 
From ([338]) . ([335 )1 - ([336 ]) we have, 

(3.37) 4B(^10n)]<c / l^T di/1 ^ 

<B(2- m )nB(zi,10ri) 

For large A, ([3~28|i . (|336)l . and (|3"37) yield 

(3 ' 38) <<E / ^«^ w 
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where 2~ m °^ = ct-q . As ro — > we have ^(£'2) — > 0. So we have the desired result 
when 1 < p < 2. 

To finish the proof of Theorem ll.9[ it remains to show that for 2 < p < 00, 
/1 is concentrated on a set of a— finite H x measure. To obtain this, by definition, 
we show that there is a Borel set K C dfl having a— finite H x measure satisfying 
/j,(K) = n(dQ). 

We first show that n(K') = where 

(3.39) K' := {z £ 30; lim ^i^lll = }. 

r-+o A(r) 

Then fi(K) = /i(<90) where 

u(B(z r) 

K = {z£ Oil; lim sup PV w \' - > 0} 
r^o A(r) 

and it will follow easily that if has a— finite i? A measure. 

Let ro be sufficiently small. We can argue as in [T31 Proof of Lemma 2.4] to find 
{n < r /100, Zi £ if'} such that 

10ri) are disjoint balls, 

(3.40) {B(z h lOOr,)} is a covering for K\ 

fj.(B(zi,100ri)) < cfj,(B(zi,ri)) and fx(B(zi, lOOr*)) < A(n) for every i. 

where the constant is independent of Zi and Ti for i = 1, Let i' be the set of 

all indexes i for which rf < /i(B(zi, lOOr^)) and let i" be the indexes where this 
inequality does not hold. By (|3.40p we see that 

m(#')<iu(U s (^ioon)) 

+ /i( |J B(zi, won)) + rt\J B(z h loon)) 

„3 



(3.41) 



< A1 (|Ji3(z l ,100r J )) + ^r ? 

iei' iei" 

<K\J B(z i: 100n)) + c'r H 2 (n). 

iei' 

When i £ V we can repeat the argument for 1 < p < 2 to get (|3.37[) . Finally, using 
(pT28f and (f3~37|) in pll]) we see that 



M(if') - c'r H 2 (n) < /i( |J lOOn)) 

< cJ2 v(B(z u lOn)) 



iei' 



(3.42) r 



m=mo <B(2- 
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Hence 2~ m °f ) = cr^ . Since ro can be arbitrarily small, we can let ro — > from 
which we conclude that [i{K') = 0. 

It remains to show that /i(K ) = /i(dil) and K has a— finite H x measure. To this 
end let Ki, for a positive integer i, be the set of points in K with the property that 

Ki = {z G 917; limsup - *\ j^' ^ > -}. 

r ^o A(r) z 

From a covering argument it follows that 

H x (Ki) < c%n[Ki) 

from which we can conclude that Ki has a— finite H x measure. Since |J K% = K, we 

i 

conclude that K has a— finite H x measure, which finishes the proof for 2 < p < oo. 
The proof of Theorem II .91 is now complete. □ 
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